We apply the proper orthogonal decomposition (POD) to the nonlinear Schrö-dinger (NLS) equation to derive a reduced order model. The NLS equation is discretized in space by finite differences and is solved in time by structure preserving symplectic mid-point rule. A priori error estimates are derived for the POD reduced dynamical system. Numerical results for one and two dimensional NLS equations, coupled NLS equation with soliton solutions show that the low-dimensional approximations obtained by POD reproduce very well the characteristic dynamics of the system, such as preservation of energy and the solutions.
Introduction
The nonlinear Schrödinger (NLS) equation arises as the model equation with second order dispersion and cubic nonlinearity describing the dynamics of slowly varying wave packets in nonlinear fiber optics, in water waves and in BoseEinstein condensate theory. We consider the NLS equation
with the periodic boundary conditions Ψ(x + L, t) = Ψ(x, t). Here Ψ = Ψ(x, t) is a complex valued function, γ is a parameter and i = √ −1. The NLS equation is called "focusing" if γ > 0 and "defocusing" if γ < 0; for γ = 0, it reduces to the linear Schrödinger equation. In last two decades, various numerical methods
The POD approximation for semi-linear PDEs
In the following, we briefly describe the important features of the POD reduced order modeling (ROM); more details can be found in [8] . In the first step of the POD based model order reduction, the set of snapshots, the discrete solutions of the nonlinear PDE, are collected. The snapshots are usually equally spaced in time corresponding to the solution of PDE obtained by finite difference or finite element method. The snapshots are then used to determine the POD bases which are much smaller than the snapshot set. In the last step, the POD reduced order model is constructed to obtain approximate solutions of the PDE. We mention that the choice of the snapshots representing the dynamics of the underlying PDE is crucial for the effectiveness of POD based reduced model. Let X be a real Hilbert space endowed with inner product ·, · X and norm · X . For y 1 , . . . , y n ∈ X, we set V = span {y 1 , · · ·, y n } , as the ensemble consisting of the snapshots {y j } n j=1 . In the finite difference context, the snapshots can be viewed as discrete solutions y j ∈ R m at time instances t j , j = 1, . . . , n, and [y 1 , . . . , y n ] ∈ R m×n denotes the snapshot matrix. Let {ψ k } d k=1 denote an orthonormal basis of V of dimension d. Then, any y j ∈ V can be expressed as
The POD is constructed by choosing the orthonormal basis such that for every l ∈ {1, . . . , d}, the mean square error between the elements y j , 1 ≤ j ≤ n, and the corresponding l − th partial sum of (2) is minimized on average:
(3) where α j 's are non-negative weights. Throughout this paper, we take the space X = R m endowed with the weighted inner product u, v W = u T W v with the diagonal elements of the diagonal matrix W , and also α j 's are the trapezoidal weights so that we obtain all the computations in L 2 -sense. Under these choices, the solution of the above minimization problem is given by the following theorem:
m×n be a given matrix with rank
n×n are orthogonal matrices and the matrix Σ ∈ R m×n is all zero but first d diagonal elements are the nonzero singular values, σ 1 ≥ σ 2 ≥ . . . ≥ σ d , of Y. Then, for any l ∈ {1, . . . , d}, the solution to
(4) is given by the singular vectors
. We consider the following initial value problem for POD approximatioṅ
where f : [0, T ] × R m → R m is continuous in both arguments and locally Lipschitz-continuous with respect to the second argument. The semi-discrete form of NLS equation (1) is a semi-linear equation as (5) where the cubic nonlinear part is locally Lipschitz continuous. Suppose that we have determined a POD basis {ψ j } l j=1 of rank l ∈ {1, . . . , d} in R m , then we make the ansatz
Substituting (6) in (5), we obtain the reduced model
The POD approximation (7) holds after projection on the l dimensional subspace V l = span{ψ 1 , . . . , ψ l }. From (7) and ψ j , ψ i W = δ ij , we geṫ
for 1 ≤ i ≤ l and t ∈ (0, T ]. Let us introduce the matrix
The initial condition of the reduced system is given by y l (0) = y 0 with
The system (9) is called the POD-Galerkin projection for (5) . The ROM is constructed with POD basis vectors {ψ i } l i=1 of rank l. In case of l << d, the l−dimensional reduced system (9) is a low-dimensional approximation for (5) . The POD basis can also be computed using eigenvalues and eigenvectors. We prefer singular value decomposition, because it is more accurate than the computation of the eigenvalues. The singular values decay up to machine precision, where the eigenvalues stagnate several orders above due the fact λ i = σ 
The total energy of the system is contained in a small number of POD modes. In practice, l is chosen by guaranteeing that E(l) capturing at least % 99 of total energy of the system.
POD error analysis for the mid-point rule
A priori error estimates for POD method are obtained for linear and semilinear parabolic equations in [8] , where the nonlinear part is assumed to be locally Lipschitz continuous as for the NLS equation. The error estimates derived for the backward Euler and Crank-Nicholson (trapezoidal rule) time discretization show that the error bounds depend on the number of POD basis functions. Here, we derive the error estimates for the mid-point rule. We apply the implicit midpoint rule for solving the reduced model (9) . By Y j , we denote an approximation for y l at the time t j . Then, the discrete system for the sequence
We are interested in estimating
We shall make use of the decomposition
is the POD basis of rank l, we have the estimate for the terms involving
Next, we estimate the terms involving ϑ l j . Using the notation∂ϑ
Choosing
Noting that
and using Lipschitz-continuity of f and the Cauchy-Schwartz inequality in (14), we get
(15) By Taylor series expansion
). Then, we get
with c 0 =ẏ(ξ j−1 ) −ẏ(ξ j ). Inserting (16) in (15) and collecting the common terms yields
and using the fact that ∆tj ≤ T , we get
Summation on j in (17) by using (18) and Cauchy-Schwarz inequality yields,
with C = 5e 4c1T max{c 
for a constantC depending on y, but independent of n. Now, we estimate the term involving z l k :
where C T ay =ÿ(ξ) for some ξ ∈ (t k − ∆t 2 , t k ). For a sufficiently small ∆t satisfying ∆t ≤ 2α k for 1 ≤ k ≤ n, we have
Using (22) combining with (20) and (21), we arrive at
withĈ = max{14C 2 y ttt L 2 (0,T ;R m ) , 2C T ay }. Imposing the estimates (23) and (22) in (19), we obtain
(24) In addition, we have that
Using these identities, we arrive at the estimate to the term involving ϑ
where C * = 4CT max{2T, 8,Ĉ} and is dependent on y, T , but independent of n and l. Now, combining the estimates (12) and (25), we obtain finally the error estimate
where C E = max{2, 2C * } and is dependent on y, T , but independent of n and l. As for the backward Euler and Cranck-Nicholson method [8] , the error between the reduced and the unreduced solutions depend for the mid-point rule on the time discretization and on the number of not modelled POD snapshots.
Discretization of NLS equation
One dimensional NLS equation (1) can be written by decomposing Ψ = p+iq in real and imaginary components
as an infinite dimensional Hamiltonian PDE in the phase space u = (p, q)
After discretizing the Hamiltonian in space by finite differences
we obtain the semi-discretized Hamiltonian ode's
where A is the circulant matrix
Reduced order model for NLS equation
Suppose that we have determined POD bases {ψ j } l j=1 and {φ j } l j=1 of rank l = {1, . . . , d} in R m . Then we make the ansatz
where p j = p l , ψ j W , q j = q l , φ j W . Inserting (29) into (28), and using the orthogonality of the POD bases {ψ j } l j=1 and {φ j } l j=1 , we obtain for i = 1, · · · , l the systemṡ
linear-nonlinear Strang splitting [7] : In order to solve (28) efficiently, we apply the second order linear, non-linear Strang splitting [7] iu t = N u + Lu, Lu = −u xx , N u = −γ|u| 2 u.
The nonlinear parts of the equations are solved by Newton-Raphson method.
In the numerical examples, the boundary conditions are periodic, so that the resulting discretized matrices are circulant. For solving the linear system of equations, we have used the Matlab toolbox smt [9] , which is designed for solving linear systems with a structured coefficient matrix like the circulant and Toepltiz matrices. It reduces the number of floating point operations for matrix factorization to O (n log n).
Numerical results
All weights in the POD approximation are taken equally as α i = 1/n and W = I. Then the average ROM error, difference between the numerical solutions of NLS equation and ROM is measured in the form of the error between the fully discrete NLS solution
The average Hamiltonian ROM error is given by
where H h (t j ) and H l (t j ) refer to the discrete Hamiltonian errors at the time instance t j corresponding to the full-order and ROM solutions, respectively. The energy of the Hamiltonian PDEs is usually expressed by the Hamiltonian. It is well known that symplectic integrators like the midpoint rule can preserve the only quadratic Hamiltonians exactly. Higher order polynomials and nonlinear Hamiltonians are preserved by the symplectic integration approximately, i.e. the approximate Hamiltonians do not show any drift in long term integration. For large matrices, the SVD is very time consuming. Recently several randomized methods are developed [10] , which are very efficient when the rank is very small, i.e, d << min(m, n). We compare the efficiency of MATLAB programs svd and fsvd (based on the algorithm in [10] ) for computation of singular values for the NLS equations in this section, on a PC with AMD FX(tm)-8150 EightCore Processor and 32Gb RAM. The accuracy of the SVD is measured by L 2 norm, ||Y − U ΣV T || W . The randomized version of SVD, the fast SVD fsvd, requires the rank of the matrix as input parameter, which can be determined by MATLAB's rank routine. When the singular values decay rapidly and the size of the matrices is very large, then randomized methods [10] are more efficient than MATLAB's svd. Computation of the rank with rank and singular values with fsvd requires much less time than the svd for one and two dimensional NLS equations (Table 1) . 
One-dimensional NLS equation
For the one-dimensional NLS equation (1), we have taken the example in [2] with γ = 2 and the periodic boundary conditions in
The initial conditions are given as p(x, 0) = 0.5(1+0.01 cos(2πx/L)), q(x, 0) = 0. As mesh sizes in space and time, ∆x = L/32 and ∆t = 0.01 are used, respectively. Time steps are bounded by the stability condition for the splitting method [7] 
where L is the period of the problem. The discretized Hamiltonion is given by (27) with γ = 2.
The singular values of the snapshot matrix are rapidly decaying (Figure 1 ) so that only few POD modes would be sufficient to approximate the fully discretized NLS equation. In Figure 2 , the relative errors are plotted. As expected with increasing number of POD basis functions l, the errors in the energy and the errors between the discrete solutions of the fully discretized NLS equation and the reduced order model decreases which confirm the error analysis given in Section 3. In Figure 3 and 4, the evolution of the Hamiltonian error and the numerical solution at time t = 500 are shown for the POD basis with l = 4, where 99.99 % of the energy of the system is well preserved. These figures confirm that the reduced model well preserves the Hamiltonian, and the numerical solution is close to the fully discrete solution. 
Two-dimensional NLS equation
We consider the following two-dimensional NLS equation [11] 
with the exact solution, Ψ(x, y, t) = exp(i(x + y − t)). 1 2
Only 3 POD modes were sufficient to capture almost all of the energy of the system (Table 2) . A comparison of the Hamiltonian errors in long term computation shows that the reduced order model with a few POD modes preserve the energy of the system very well ( Figure 6 ). The singular values of 2D NLS are decreasing not continuously as for 1D NLS equation (Figure 5 ). 
Coupled NLS equation
We consider two coupled NLS equations (CNLS) with elliptic polarization with plane wave solutions [1] i 
where p 1 , q 1 and p 2 , q 2 denote the real and imaginary parts of ψ 1 and ψ 2 , respectively. Table 3 show that only few POD modes are necessary to capture the dynamics of the CNLS equation. The singular values are decreasing not so rapidly ( Figure 7) 
Conclusions
A reduced model is derived for the NLS equation by preserving the Hamiltonian structure. A priori error estimates are obtained for the mid-point rule as time integrator for the reduced dynamical system. Numerical results show that the energy and the phase space structure of the three different NLS equations are well preserved by using few POD modes. The number of the POD modes containing most of the energy depends on the decay of the singular values of the snapshot matrix, reflecting the dynamics of the underlying systems. In a future work, we will investigate the dependence of the ROM solutions on parameters for the CNLS equation by performing a sensitivity analysis.
